In this paper we construct a map between a solution of supersymmetric Chern-Simons higher spin gravity based on the superalgebra sl(3|2) with Lifshitz scaling and the N = 2 super Boussinesq hierarchy. We show that under this map the time evolution equations of both theories coincide. In addition, we identify the Poisson structure of the ChernSimons theory induced by gauge transformation with the second Hamiltonian structure of the super Boussinesq hierarchy.
Introduction
The Chern-Simons formulation of three dimensional higher spin gravity has been a subject of great activity recent years. The interest was started by the discovery that Chern-theories in three space-time dimensions based on gauge algebras such as sl(N, R) and hs(λ) [1, 2] are versions of Vasiliev higher spin theories [3, 4] . Furthermore the Chern-Simons theories can realize the asymptotic symmetries of W N CFT's [5, 6] which have conserved currents of spin greater than two. Gaberdiel and Gopakumar [7, 8] proposed a concrete holographic duality of higher spin Chern-Simons theory and W N minimal models which provides a new arena to test ideas of higher spin gravity and AdS/CFT.
The Chern-Simons higher spin gravity has also been used to construct solutions which are not asymptotically Anti-de Sitter but obey other asymptotics, such as Schroedinger, warped AdS or Lifshitz geometries (see e.g. [10, 11, 12, 13] ). In two papers [14, 15] the authors have investigated asymptotically Lifshitz solution of Chern-Simons higher spin gravity and found an intriguing relation to integrable systems. In particular, it was shown that there exists an explicit map between the asymptotic Lifshitz solution of sl(N, R) Chern-Simons theory and (integer) Lifshitz scaling exponent z to the (m, n) member of the KdV hierarchy, where the parameters of both theories are identified as m = z and n = N .
The Chern-Simons higher spin theories based on the Lie algebras sl(N, R) and hs(λ) are purely bosonic theories, with higher spin fields of integer spin. A supersymmetric generalization of the bosonic theories can be achieved by considering Chern-Simons theories based on Lie superalgebras such as sl(n, m), see e.g [16, 17, 18] . The goal of the present paper is to investigate the relation between the Chern-Simons higher spin theories and integrable systems for supersymmetric theories. In particular we focus on one of the simplest examples, Chern-Simons theory based on the Lie superalgebra sl(3|2).
The structure of the paper is as follows: In section 2 we review the KdV hierarchy and its relation to higher spin Chern-Simons theory given in our previous work [14, 15] . In section 3 we review the supersymmetric generalization of a particular member of the KdV hierarchy, namely the N = 2 super Boussinesq hierarchy. In section 4 we construct a supersymmetric higher spin Chern-Simons theory based on the Lie superalgebra sl(3|2) which enjoys Lifshitz symmetry and provide an explicit map between this theory and the N = 2 super Boussinesq hierarchy such that the time evolution equations coincide. In section 5 we explain where this correspondence comes from by showing that the Poisson structure of both theories can be mapped into each other. We close with a discussion of possible directions for future research in section 6.
KdV hierarchy and the Higher-Spin Chern Simons theory
The n-th KdV hierarchy is a bi-Hamiltonian integrable system of n − 1 fields u 2 , u 3 , · · · , u n with commuting Hamiltonian flows, where the second Hamiltonian structure is the W n algebra [19, 20] . It's conveniently formulated by utilizing the formalism of pseudo-differential operators
and the m-th Hamiltonian flow is given by the Lax-type equation [20, 21] 
For any of the Hamiltonian flows, an infinite tower of conserved quantities exist
where res denotes the residue of the pseudo-differential operator, that is, the coefficient of ∂ −1 . This equation is invariant under Lifshitz scaling of the space and time coordinates with scaling exponent m
where the scaling of the fields u i is determined by dimensional analysis from (2.1). The Chern-Simons action at level k in three dimensional space-time is given by the following action
where A is a Lie algebra valued gauge connection. It was shown in [1, 2] that higher spin gravity theory in three dimensions can be formulated by combining two copies of Chern-Simons actions with level k and −k respectively, and with gauge algebra sl(N, R) or hs(λ).
The action yields the equation of motion, also known as the flatness condition
The relation to higher spin gravity is made by expressing Lie algebra valued generalizations of the vielbein and spin connection in terms of the gauge connections
where a unit length has been chosen for dimensional match. The metric is then given by
where L 0 is the Cartan generator of sl(2, R) subalgebra of sl(N, R) or hs(λ). The higher spin fields of Vasiliev theory can be expressed in terms of higher order traces involving the generalized vielbein e µ . In the context of holography a "radial coordinate" ρ is introduced where the holographic boundary is defined at ρ → ∞. In addition we define a time-like coordinate t and a space-like coordinate x. The asymptotic Lifshitz metric with Lifshitz scaling exponent z is defined as the metric that takes the form
as ρ → ∞. By the choice of the radial gauge [14] we single out the ρ dependence of the connection
where b(ρ) = e ρL 0 and a ρ =ā ρ = 0, then the flatness conditions (2.7) are reduced to equations of ρ independent connections a x , a t andā x ,ā t
An infinitesimal gauge transformation generated by a parameter Λ is
The gauge transformation preserves the radial gauge when the parameter takes the form Λ(ρ, x, t) = b(ρ) −1 λ(x, t)b(ρ), and it translates to gauge transformation on the ρ-independent connection as
Moreover, we take a t as an differential polynomial in a x , thus the flatness condition becomes a time evolution equation of a x , and the time evolution is essentially a gauge transformation with a field dependent gauge transformation parameter λ = a t . For the gauge algebra sl(N, R), we can put a x in the lowest weight gauge, in which only the N − 1 lowest weight terms in sl(N, R) are dynamical. We then construct a t as a differential polynomial of a x that generates an asymptotic Lifshitz spacetime with a x and keeps a x in the lowest weight gauge under time evolution. These requirements do not fix a t completely, and we get a time evolution equation of N − 1 fields in a x with undetermined coefficients depending on the choice of a t . The solution leads to an asymptotically Lifshitz spacetime and hence duals a two dimensional field theory living on the boundary that has Lifshitz scaling symmetry.
The relation between the KdV hierarchy and the Lifshitz Chern-Simons theory was first motivated by the observation in [13] that the equation of motion of sl(3, R) z = 2 Lifshitz Chern-Simons theory takes the form of the Boussinesq equation. Further investigation reveals a closer relation between the two theories, most importantly they both possess Lifshitz scaling symmetry and can both be brought in a Lax type equation form. In our previous work [14, 15] , it was shown that by suitable choice of a t called the "KdV gauge", the asymptotic Lifshitz solution with Lifshitz scaling coefficient z of sl(N, R) Chern-Simons theory can be identified with the (n, m) member of the KdV hierarchy where n = N and m = z by an explicit map.
N=2 Super Boussinesq hierarchy
The main goal of this paper is to extend the established relation between the Lifshitz ChernSimons theory and the KdV hierarchy to the supersymmetric case. For the Lifshitz ChernSimons theory, a supersymmetric extension can be naturally constructed by replacing the Lie algebra by a Lie superalgebra which contains the Lie algebra as a bosonic subalgebra. It is clear however that this extension is not unique. On the other hand, the supersymmetric extension of the KdV hierarchy is not as well studied as the bosonic case and no general classification exists to our knowledge.
Therefore, instead of pursuing a general construction, we restrict ourselves to a concrete and workable example in the present paper. In particular, we want to find the supersymmetric extension of the correspondence between sl(3, R) z = 2 Lifshitz Chern-Simons theory and (n = 3, m = 2) member of the KdV hierarchy. The Lie superalgebra sl(3|2) is a natural extension of sl(3, R), and sl(3|2) Chern-Simons theory has been studied in the past, see for example [22, 23] . Because sl(3|2) has two sets of fermionic generators, we should look for N = 2 supersymmetric extension of n = 3 KdV hierarchy, that is, N = 2 super Boussinesq hierarchy. Since the second Hamiltonian structure of the Boussinesq hierarchy is the W 3 algebra, one should expect N = 2 super Boussinesq hierarchy to possess N = 2 super W 3 algebra as the second Hamiltonian structure. Guided by this principle, N = 2 super Boussinesq hierarchy was constructed in [9, 24] in terms of two bosonic superfields J and T in the superspace
with two free parameters c and α, where c is a free constant in the N = 2 super W 3 algebra realized by J, T that corresponds to rescaling freedom of J, T , and α is a free constant in the Hamiltonian H = dxdθdθ (T + αJ 2 ) that generates the time evolutioṅ
The super Boussinesq equation should reduce to the Boussinesq equation when sl(3|2) reduces to sl(3, R), and that's possible only when the parameter α takes the following value α = − 4 c [24] . After setting c = − 4 α , the N = 2 super Boussinesq equation reads in terms of superfieldṡ
where
It was shown in [9] that if we choose c = 8 the parameter α must take one of these three values −2, − for the equation to be integrable in the sense that higher order conserved charges exist. We see α = −
is indeed one of them, and later an elegant Lax pair formulation of this case was given in [25] . In the form in components the time evolution equations (3.3) reaḋ
4 sl(3|2) Lifshitz Chern-Simons theory and the map to N = 2 super Boussinesq hierarchy
When we take the gauge algebra to be Lie superalgebra, most notably sl(p|q), the ChernSimons action takes the form
where str denotes the supertrace. In complete analogy to the non-supersymmetric case, higher spin supergravity can be formulated by two copies of Chern-Simons actions, with the vielbein and spin connection expressed in terms of the gauge connection
and the metric is given by
Now we focus on sl(3|2) Lifshitz Chern-Simons theory, that is, Chern-Simons theory with sl(3|2) gauge algebra that gives asymptotic Lifshitz spacetime. Background material on sl(3|2) relevant to this paper are reviewed in Appendix A. We follow the notation of generators of sl(3|2) in [23] and the super matrix representation which we include for completeness can also be found there. We adopt the radial gauge as we did in the non-supersymmetric case
(4.4) where b(ρ) = e ρL 0 and a ρ =ā ρ = 0. Clearly the weight of terms in a µ will translate to growth rate with ρ in A µ because the weight is the eigenvalue of the commutator with L 0 . An exact Lifshitz spacetime can be obtained by setting
that is
One can verify that by (4.3) the connection yields Lifshitz spacetime ds
with Lifshitz scaling exponent z = 2. Now we add dynamical terms to the connection but keeping the leading term fixed to get asymptotic Lifshitz spacetime. We will focus on the unbarred sector here, the barred sector can be worked out by the same algorithm thanks to the weight flipping automorphism of sl(3|2). The ansatz of a x in the lowest weight gauge is
with all the dynamical terms being the lowest weight elements in sl(3|2). The component a t should start with
W 2 , and its non-highest weight terms are completely determined by highest weight terms because it must preserve the lowest weight gauge of a x in time evolution. We take the highest weight terms to be differential polynomials of fields in a x of the correct dimension, so a t must take the form
with eight free constants c 1 , c 2 , c 3 , c 4 ,
, and with non-highest weight terms omitted. We factor out
for calculational simplicity. Now we deal with the problem of fixing a t to map the time evolution equation of a x to the N = 2 super Boussinesq equation. In order to have the lowest dimensional conserved bosonic charge and fermionic quantities,j andġ must be total derivatives. This condition fixes a t up to only one free constant c 3
It turns out if we set c 3 = 1 3
, the time evolution equation of a x can be identified with the N = 2 super Boussinesq equation after we rescale the time evolution by a factor −2 √ 3, that is equivalent to replacing a t by −2 √ 3a t . The time evolution equation of a x we get after replacing 
with k 2 = 2α 2 , no matter which root k takes.
5 The Poisson structure of Lifshitz Chern-Simons theory and the second Hamiltonian structure of the N = 2 super Boussinesq hierarchy
In the previous sections we have worked out a specific example of the relation between supersymmetric Chern-Simons Lifshitz theory and super Boussinesq hierarchy, that is, we established the map between sl(3|2) Lifshitz Chern-Simons theory and N = 2 super Boussinesq hierarchy such that the time evolution equations of the two theories coincide. In this section we argue that there is a structurally deeper connection of the two theories. In the following we will show that the Poisson structure of sl(3|2) Lifshitz Chern-Simons theory induced by gauge transformation is identical to the second Hamiltonian structure of N = 2 super Boussinesq hierarchy. The time evolution of Chern-Simons is essentially a gauge transformation with gauge transformation parameter a t , that isȧ x = δ at a x = ∂ x a t + [a x , a t ]. Fixed in the lowest weight gauge, the gauge transformation induces a Poisson structure of the fields in the reduced phase space [6] . That is, the gauge transformation of a field φ with gauge parameter λ is regarded as a Poisson bracket between the field and and the charge associated with the gauge transformation parameter
where the charge is given by
with C being an arbitrary constant. The Poisson brackets of all fields can be computed by choosing different gauge parameters, and it's used to calculate the boundary charge algebra in the context of holography, see for example [22] . Now the time evolution equation of ChernSimons theory can be recast in a form resembling the Hamiltonian dynamicṡ
On the other hand, the time evolution of the N = 2 super Boussinesq hierarchy is generated by its Hamiltonian structureṪ = {T, H},J = {J, H} (5.4)
Since we have a map between the two theories that identifies the time evolution equation, it's natural to conjecture the Poisson structure of the sl(3|2) Chern-Simons theory is identical to the second Hamiltonian structure of N = 2 super Boussinesq hierarchy via the established map. Note we have replaced a t by −2 √ 3a t to make the map, it's actuallẏ
that is identified with the N = 2 super Boussinesq equation, therefore we must have 2
where we have used the map between two theories. On the other hand, the Hamiltonian of the second Hamiltonian structure of N = 2 super Boussinesq hierarchy is given as
We see that 2 √ 3Q at is equal to the Hamiltonian in the second Hamiltonian structure of the N = 2 super Boussinesq hierarchy with the choice C = and listed in Appendix B. One can verify it's indeed identical to the second Hamiltonian structure of the N = 2 super Boussinesq hierarchy given in [9] .
Discussion
In this paper we worked out a concrete example for an extension of the relation between the Lifshitz Chern-Simons theory and the KdV hierarchy to the supersymmetric case. It was shown that sl(3|2) Lifshitz Chern-Simons theory, as the supersymmetric extension of sl(3, R) Lifshitz Chern-Simons theory, corresponds to N = 2 super Boussinesq hierarchy constructed in [9] with the appropriate choice of parameters α = − 4 c . It was found in [9] that for c = 8 there are three values of α (including the one we choose α = − 1 2 ) such that the equation obtained is an integrable system, in the sense that an infinite tower of higher order conserved quantities exist. In addition for some of them a Lax pair formulation exists or a bi-Hamiltonian structure exists [9, 25] .
The results in the present paper leave some questions open of which we list a few here: It is a natural question to ask if the super Boussinesq hierarchy with other values of the parameter α also corresponds to Lifshitz Chern-Simons theory with other gauge algebra different from sl(3|2). In fact, in almost all the cases of supersymmetric extension of KdV hierarchies, it turns out we have to choose a discrete set of values of the parameters to make the theory integrable [26, 27, 28] . If we can formulate all these supersymmetric extensions of KdV by Lifshitz Chern-Simons theory with different Lie superalgebras, we may be able to explain the choices of discrete values of parameters in the perspective of the theory of Lie superalgebras.
It would be rewarding to generalize the concrete example to other supersymmetric integrable hierarchies and superalgebras. In our previous work on the bosonic theory a map between Lifshitz solution of sl(N, R) Chern-Simons theory and Lifshitz scaling exponent z to the (m, n) member of the KdV hierarchy where m = z and n = N was established by Drinfeld-Sokolov [29] formalism. It would be very interesting to see whether such a map with different Lifshitz scaling exponent can be constructed for the supersymmetric theory using a supersymmetric generalization of Drinfeld-Sokolov formalism. If such a more general relation exists, then it seems Lifshitz Chern-Simons theory provides a natural representation of the KdV hierarchy. Since supersymmetric versions of the KdV and other integrable hierarchies are less studied the Chern-Simons approach might be useful for a more systematic study.
Another possible direction for research lies in the the construction of black hole solutions in supersymmetric Chern-Simons Lifshitz theories following the work on the bosonic case [13, 30] A A review of sl(3|2)
The bosonic part of sl(3|2) is U (1) ⊕ sl(2, R) ⊕ sl(3, R), it's generated by spin 2 generators L i , A i , i = −1, 0, 1, spin 3 generators W i , i = −2, −1, 0, 1, 2, and J the generator of u(1). The fermionic part of sl(3|2) is generated by spin 3 2 generators G r , H r , r = − . L i generate the sl(2, R) subalgebra and the L 0 is the Cartan generator. The non-zero commutation relations are
The subindex is the weight of the element, it's the eigenvalue of the commutator with L 0 , and can be raised (lowered) by L 1 (L −1 ). A weight-flipping automorphism exists
, S1
The defining representation by super matrix is given by the following expressions They are all super-traceless, and closed under multiplication with the identity super matrix added. In addition, the weight is additive under super matrix multiplication if we count the weight of the identity super matrix as zero. In this super matrix representation, the weight-flipping automorphism is simply given by taking the negative of the transposition of the bosonic elements and the transposition of the fermionic elements.
B Poisson structure of sl(3|2) Chern-Simons theory
As an example, we show how to calculate the Poisson bracket {h(x ), g(x)}. Clearly we need to find a gauge transformation parameter λ which is associated with the charge Q λ that takes the form of an integral of the product of h and an arbitrary fermionic function. str(G The associated charge is calculated as δQ λ = 1 6α dx str (λδa x ) = − 1 α dxγδ
The gauge transformation on g is calculated to be δ λ g(x) = −γ(x)( 5 3 a(x) + j(x) 2 + l(x) + j (x)) − 2γ (x)j(x) − γ (x) = {Q λ , g(x)} = − 1 α dx γ(x ){h(x ), g(x)} (B.6) Therefore {h(x ), g(x)} = α( 5 3 a(x) + j(x) 2 + l(x) + j (x))δ(x − x) − 2αj(x)δ (x − x) + αδ (x − x) (B.7)
where the first field in the bracket is at x and the second is at x, all the fields on the right hand side are at x, and δ is short for δ(x − x). Brackets of fields not listed above are either zero or can be inferred from the brackets listed by simple principle, for example, antisymmetry of Poisson brackets.
